We calculate for the current-biased Josephson junction the decoherence of the qubit state from noise and dissipation. The effect of dissipation can be entirely accounted for through a semiclassical noise model that appropriately includes the effect of zero-point and thermal fluctuations from dissipation. The magnitude and frequency dependence of this dissipation can be fully evaluated with this model to obtain design constraints for small decoherence. We also calculate decoherence from spin echo and Rabi control sequences and show they are much less sensitive to low-frequency noise than for a Ramsey sequence. We predict small decoherence rates from 1/f noise of charge, critical current, and flux based on noise measurements in prior experiments. Our results indicate this system is a good candidate for a solid-state quantum computer.
I. INTRODUCTION
The potential to manipulate information efficiently with quantum mechanics 1 has led to a search for a physical system that could implement a quantum computer scalable to large size. Superconducting circuits are favorable candidates 2 because the nonlinearity of Josephson junctions can be used to construct two-level quantum systems ͑qubits͒, the inherently low dissipation of superconductors make possible long coherence times, and integrated circuit technology allows scaling to large and complex circuits.
Recently, several experiments have demonstrated the potential of superconducting qubits with the observation of Rabi oscillations, 3, 4 long coherence times, 5, 6 and high-fidelity state preparation and measurement. 7 Future experiments need to improve these results, as well as demonstrate logic operations by coupling the qubits via circuit elements such as inductors, capacitors, and wires.
The same wires that make these ''superconducting atoms'' easy to manipulate, measure, and scale unfortunately also couple the qubit to other electromagnetic degrees of freedom that can be a source of decoherence via dissipation and noise. A significant experimental challenge is to understand how to design these wires, balancing the competing demands for coupling and coherence.
Such a balance requires a detailed theoretical understanding of mechanisms of decoherence. The main purpose of this paper is to give a physical picture of decoherence, showing that it can be understood as a random fluctuation in the qubit state arising from noise.
The amount of decoherence may be calculated from the spectral density of the total noise of the current bias. We consider spectral densities for an arbitrary source and bias impedance, as well as 1/f noise from fluctuations in critical current, charge, and flux. The frequency dependence of the spectral density affects the time dependence of decoherence. For 1/f spectral densities, this dependence may be exploited to greatly reduce decoherence by properly choosing the time sequence of the qubit manipulation.
The outline of the paper is as follows. In Sec. II we reexpress the Hamiltonian of the current-biased Josephson junction system as an effective two-state Hamiltonian that allows full manipulation of the qubit state via the control currents. In Sec. III, noise in these control currents is shown to fluctuate the state of the qubit. These fluctuations cause the measurement of the qubit state to deviate from the expected value and are equivalent to decoherence. We show in Sec. IV that these fluctuations can arise from the finite impedance of the current bias and can be accounted for semiclassically with quantum noise. Resistive ͑frequency independent͒ dissipation is then considered and used to place limits on the magnitude of the current-bias impedance. In Sec. 28 we calculate how an arbitrary resonance affects decoherence. This result can be used to estimate decoherence for a current bias that has frequency-dependent dissipation. Because this noise model readily predicts decoherence for an arbitrary noise spectral density and state sequence of the qubit, we calculate in Sec. VI decoherence for spin echo and Rabi sequences. We argue that these sequences should be used for quantum computation because they are insensitive to low frequency 1/f noise. Experimental values of 1/f noise are then used to estimate decoherence rates for the current-biased Josephson junction. In Sec. VII we show that decoherence differs qualitatively for Gaussian and non-Gaussian noise sources, and that decoherence from the latter can mimic a loss in measurement fidelity.
Although some of these results are identical to that found in previous theoretical work for Josephson systems using environmental and spin-boson models, 9, 2, 8, 10, 11 we believe this paper is especially useful because the noise model gives a more physical description to the origins of the decoherence and can thus be generalized readily to more complex experimental situations. Since the performance of electronic systems is typically evaluated using noise models and noise can be classically understood and measured, we believe this approach will be a particularly insightful for the Josephson, and indeed many other qubit systems.
II. THE CURRENT-BIASED JOSEPHSON JUNCTION
In this section we describe the basic physics of the current-biased Josephson junction, showing that when its two lowest energy levels are used as a qubit, the qubit state can be fully manipulated with low-and microwavefrequency control currents. In a Bloch sphere description of the state, we show that these control currents simply rotate the Bloch vector. We consider here a circuit model without dissipation, as shown in Fig. 1͑a͒ , whereas the full model with dissipation ͓Fig. 1͑c͔͒ is considered later in Sec. IV.
The quantum behavior of the current-biased Josephson junction has been described in detail elsewhere. [12] [13] [14] The Hamiltonian of the system of Fig. 1͑a͒ with bias source I, junction critical current I 0 , and junction capacitance C is
͑1͒
where ⌽ 0 ϭh/2e is the superconducting flux quantum. The operators Q and ␦ correspond to the charge and the superconducting phase difference across the junction, respectively, and have a commutation relationship ͓␦ ,Q ͔ϭ2ei. Quantum mechanical behavior can be observed for large area junctions in which I 0 ⌽ 0 /2ϭE J ӷE C ϭe 2 /2C when the bias current is slightly smaller than the critical current IՇI 0 . In this regime the last two terms in H can be accurately approximated by a cubic potential U(␦) parametrized by a barrier height ⌬U(I)ϭ(2ͱ2I 0 ⌽ 0 /3)͓1ϪI/I 0 ͔ 3/2 and a quadratic curvature at the bottom of the well that gives a classical oscillation frequency p (I)ϭ2 Fig.  1͑b͔͒ . This plasma frequency can be understood as the junction resonance frequency p ϭ1/ͱL J C, where the Josephson inductance is L J ϭ⌽ 0 /2I 0 cos ␦ a and the average phase ␦ a is given through IϭI 0 sin ␦ a . It is useful to think of this system as an anharmonic ''LC'' oscillator created from the Josephson inductance and the junction capacitance, with the anharmonicity arising from the nonlinear 1/cos ␦ term in L J .
The commutation relation leads to quantized energy levels in the cubic potential, 15 with the two lowest levels being used as the qubit states. Microwaves induce transitions between levels at a frequency mn ϭE mn /បϭ(E m ϪE n )/ប, where E n is the energy of state ͉n͘. The two lowest transitions have frequencies 10 
These two frequencies must be different for the qubit to behave as a two-state system. The ratio ⌬U/ប p parametrizes the anharmonicity of the cubic potential with regards to the qubit states. Because typical operation selects the number of states in the well to be approximately ⌬U/ប p ϳ4, the transition frequency between qubit states is 10 Ӎ0.96 p and the separation of the two lowest resonant frequencies is 10 Ϫ 21 Ӎ0.034 10 .
The state of the qubit can be controlled with the bias current, which may be written as
ϭI dc ϩI l f ͑ t ͒ϩI wc ͑ t ͒cos 10 tϩI ws ͑ t ͒sin 10 t. ͑3b͒
We require that the currents I l f , I wc , and I ws are varied in time slowly compared to 2/( 10 Ϫ 21 )ϳ3 ns to inhibit 1→2 transitions. These long pulses restrict the dynamics of the system to the Hilbert space spanned by the lowest two states. The Hamiltonian for only these two states is 
where x,y,z are Pauli operators. The form of H (2) implies that the qubit state can be fully manipulated with the classical bias currents I wc (t), I ws (t), 
The control currents change the qubit state after time ⌬t according to the unitary transformation 1 Uϭexp͓ϪiH (2) ⌬t/ប͔, ͑7a͒
where ϭ( x , y , z ) and 0 is the identity matrix. One way to visualize how c ជ controls the qubit state is via the standard Bloch-sphere description. As illustrated in Fig.  2 , the direction of the Bloch vector describes the qubit state according to ⌿ϭcos(/2)͉0͘ϩsin(/2)exp(i)͉1͘. The angle of the vector corresponds to the occupation amplitude of the state, whereas the angle gives the phase of the state. The probability of measuring the ground state is given by cos 2 (/2). Operations of x , y , and z correspond to rotations of the state vector around the x , ŷ , and ẑ axis, respectively. In general, a control vector c ជ rotates the Bloch vector around the c ជ axis with angle ͉c ជ͉. For example, a ''/2-pulse'' with control vector c ជ ϭ(0,/2,0) changes the state ͉0͘ to the state (͉0͘ϩ͉1͘)/ͱ2.
III. CALCULATION OF DECOHERENCE FOR AN ARBITRARY NOISE SOURCE
Because the bias current controls the qubit, noise in the bias current fluctuates the qubit state and causes decoherence. In this section we calculate how noise randomly rotates the Bloch vector around the three axes. Because we separated the effect of the bias current into low I l f (t) and microwave frequency I wc (t)cos 10 tϩI ws (t)sin 10 t components, the effect of noise can be separated likewise. Since the net effect of these rotations depends on the state of the qubit, we calculate how these fluctuations affect the measurement of the state for two typical experimental situations.
Current noise at low frequency fluctuates the c z component of the control vector, which randomly rotates the Bloch vector around the ẑ axis due to z operations. These random rotations produce noise in the phase of the qubit state. Since the phase is (t)ϭ͐ 0 t dt 10 (t), the phase noise after a time t is
Physically, phase noise arises from noise current flowing through the nonlinear inductance of the junction that in turn causes 10 to vary. The magnitude of the phase noise is described by its mean-squared value ͗ n 2 (t)͘. This quantity is calculated with the noise power of I n , described as the spectral density S I ( f ). It is defined as the mean-squared amplitude of the current noise at frequency f per 1 Hz bandwidth. The time average of the correlation function is computed with the noise power by
Using Eq. ͑8͒ the mean-squared phase noise is
where W 0 ( f ) is a spectral weight function given by
The phase noise integral is cutoff for frequencies greater than 10 /2. For these frequencies, the noise current primarily flows through the junction capacitance, not the junction, and thus does not significantly modulate 10 . Furthermore, noise at 10 should not be included because it is accounted for in stimulated transitions, as computed below. Integrating the noise to a cutoff frequency 10 /2 is a good approximation because for most circuit impedances a change in this cutoff frequency only logarithmically affects the phase noise ͓see Eq. ͑26͔͒. The spectral weight W 0 ( f ) is constant for frequency f Շ1/t and decreases as 1/f 2 at higher frequencies. This implies that the phase noise has a contribution for most noise sources only from low frequencies. For the case when the low frequency noise is constant ͑white͒ and equal to S I 0 , Eqs. ͑10c͒ and ͑11b͒ can be integrated to yield
Noise at high frequency near 10 produces 0→1 and 1→0 transitions. The decoherence from these transitions may be calculated in a similar fashion as phase noise. The control current for c x and c y is given by I wc (t)cos 10 t ϩI ws (t)sin 10 t, which implies that mixing from noise around frequency 10 can be represented by low frequency noise in I wc (t) and I ws (t). With a constant spectral density of current noise immediately around 10 , the spectral densities of I wc and I ws are constant and each equal to 2S I ( 10 /2). This noise produces random x and y operations that rotates the Bloch vector around the x and ŷ axes, defined by angles x and y , respectively. The fluctuations of x and y are calculated exactly as for phase noise. Using Eq. ͑12͒ with S I 0 →2S I ( 10 /2) and replacing ‫ץ(‬ 10 / ‫ץ‬I dc ) 2 →1/2ប 10 C as implied by Eq. ͑5͒, we find
The probability distributions of , x , and y are needed to fully describe the noise in the Bloch vector and to predict measurement probabilities. Since the amplitude of the current-bias noise is typically described by Gaussian statistics, the probability density to find a given value of is given by
where the rotation angles are ϭ, x , or y , and ͗ 2 ͘ is the mean squared noise that has been previously calculated. We next calculate how these random rotations in the Bloch vector affect the state of the qubit. Because the Bloch state is represented by two variables and , but noise produces rotations around the three axes x , ŷ , and ẑ , the effect of noise depends on the direction of the Bloch vector. If a state vector has angle with respect to a rotation axis, then rotations about that axis moves the vector a distance proportional to sin . In particular, if the Bloch vector points along one of the axes x , ŷ , or ẑ , then ϭ0 and the noise corresponding to that axis has no effect. Rotations from the two remaining axes may be treated independently to first order when the noise is small.
In a first example, we calculate the effect of noise on the ground state and its measurement. When the qubit is initialized to this state, in the absence of noise c ជ ϭ0 and the probability to measure the ground state is fixed at p 0 ϭ1. Because the Bloch vector is parallel to the ẑ axis, current-bias noise at low frequency has no effect on the state or the measurement. However, noise near the frequency 10 rotates the Bloch vector in both x and y , moving the system away from the ground state and giving p 0 Ͻ1. The average probability p 0 of measuring state ͉0͘ is calculated from the usual probability of measuring the ground state cos 2 (/2)Ӎcos
1/2 /2͔, integrating 16 over the Gaussian probability distributions of x and y
ϭ0.5ϩ0.5 exp͓Ϫ͑1/2ប 10 C ͒S I ͑ 10 /2 ͒t͔. ͑15c͒
Equation ͑15b͒ implies that the Bloch vector fluctuates by the total magnitude ͗ 2 ͘ϭ͗ x 2 ͘ϩ͗ y 2 ͘. Additionally, the exponential decay of p 0 with time implies that the change of the state can be described by the rate
which corresponds to the 0→1 transition rate for stimulated absorption. There is no contribution from phase noise because low frequency noise can not add energy ប 10 to the qubit to excite a 0→1 transition. When the initial state is ͉1͘, an identical calculation finds the 1→0 transition rate for stimulated emission to be ␥ s , as expected. Because the stimulated emission and absorption rates are equal, the probability of measuring the ground state approaches 1/2 at long times, as given by p 0 in Eq. ͑15c͒.
In a second example, we calculate the effect of noise on a superposition state that is created and measured in a ''Ramsey fringe'' experiment. In this case the qubit will be sensitive to both stimulated transitions and phase noise. The state (͉0͘ϩ͉1͘)/ͱ2 is first created with a /2 pulse, then after time t any change in the state is measured by applying a Ϫ/2 pulse and performing a state measurement. After the initial pulse, the Bloch vector points in the x direction and moves from noise only in and y . Thus after the final pulse the state deviates from ϭ0 by ͗ 2 ͘Ӎ͗ n 2 ͘ϩ͗ y 2 ͘. For a spectral density that is white, the phase noise grows linearly with t ͓Eq. ͑12͔͒ and can be described with a rate ␥ ϭ(‫ץ‬ 10 /‫ץ‬I dc ) 2 S I 0 /4. In this case the total decoherence rate is given by ␥ 2 ϭ␥ ϩ␥ s /2.
These two examples illustrate that the decoherence rate depends on the state of the qubit. The ground state is affected by fluctuations in x and y , with each contributing ␥ s /2 to the total decoherence rate. The superposition state is affected by noise in and y , which gives a rate ␥ ϩ␥ s /2.
Qualitatively, decoherence can be thought of as the deviation of probability measurements from the ideal intended outcome. From the examples in this section, decoherence can be understood as fluctuations in the Bloch vector induced by noise. Since the measured decoherence rate depends on the state of the qubit, a more fundamental representation of decoherence should directly describe fluctuations in the rotations , x , and y .
IV. DECOHERENCE FROM DISSIPATION
Calculations in previous sections assumed the circuit model of Fig. 1͑a͒ with an ideal bias-current source of infinite impedance. In an actual experiment, the finite impedance of the bias-current source produces decoherence of the qubit from dissipation and its noise. The bias source may be a complicated electrical circuit with many electromagnetic modes. Because its response is typically linear, 18 we can describe it with a frequency-dependent admittance Y () as shown in Fig. 1͑c͒ .
Quantum fluctuations in the bias current are included by no longer considering the quantity I n (tЈ) in Eq. ͑8͒ as a classical variable, but as an operator. Following the derivation of Ref. 17 , the effect of quantum and thermal fluctuations can be taken into account semi-classically with the noise model presented in the last section, but with a noise spectral density of positive and negative frequencies. We calculate transition rates and phase noise, and show that dissipation can be understood as a 1→0 transition induced by zero-point noise. We also consider the case of resistive dissipation and estimate the coherence time for typical junction parameters.
We first consider the current fluctuations from a single LC resonant mode with no damping. The current-current correlation function for this resonant mode is 
Note that this correlation function has a different magnitude at the positive and negative frequency. Using the CaldeiraLegget representation of dissipation, the admittance Y () can be constructed from a bath of harmonic oscillators with a density of oscillation frequencies proportional to Re͕Y ()͖, the real ͑dissipative͒ part of the admittance. The spectral density of the current noise is obtained by a Fourier transform of Eq. ͑18͒ summed over all the oscillator modes, which gives at positive and negative frequencies
The spectral density at negative and positive frequencies corresponds to the emission and absorption of photons from the admittance Y, as can be understood by the creation and annihilation operators in Eq. ͑17͒. The spectral density at negative frequencies corresponds to the blackbody radiation formula for a dissipative element. The 0→1 transition rate is proportional to the spectral density of noise at the negative frequency Ϫ 10 , whereas the 1→0 rate is given by noise at the positive frequency 10 . The ratio of these two rates are given by
which obeys detailed balance and thus gives occupation probabilities of the two states with the correct Boltzman factor. The sum and difference of the spectral densities are
ϭ4kT Re Y ͑ ͒ ͑ បӶkT͒ ͑21c͒
and
The spectral density S I ϩ (/2) is the conventional expression for the total thermal and quantum noise, whereas S I -(/2) is the zero-point noise.
We calculate decoherence differently for fluctuations in x , y , and . For decoherence in the directions, fluctuations in change the amplitude of the ͉0͘ and ͉1͘ states, which implies energy has been exchanged with the environment Y. The 0→1 and 1→0 transition rates can be computed with the spectral densities of the negative and positive frequencies using the rate ␥ s derived in the last section. The 0→1 transition rate is proportional to S I qu (Ϫ 10 /2), whereas the 1→0 rate is proportional to S I qu ( 10 /2) ϭS I qu (Ϫ 10 /2)ϩS I -(/2). We can reexpress the effect of both of these rates with two new rates: a decoherence rate ␥ th ϰS I qu (Ϫ 10 /2) arising from thermal noise that is independent of the transition direction, and a 1→0 decay rate ␥ 1 ϰS I -(/2) arising from zero-point noise that corresponds to dissipation. Replacing S I in Eq. ͑16͒ with S I qu (Ϫ 10 /2) and S I -( 10 /2), we find a decoherence rate
and a decay rate
The decay rate ␥ 1 agrees with a conventional calculation of spontaneous decay of the ͉1͘ state. 19 The thermal decoherence rate ␥ th is usually negligible because experiments typically operate at low temperature TӶប 10 /k.
For decoherence in , no net energy is exchanged with the environment because is constant. With no dependence on the transition direction, the spectral density S I ϩ (/2) is used in Eq. ͑10c͒ to find the phase noise
Environmental and spin-boson calculations have previously calculated the effects of dissipation on decoherence. 9, 2, 8, 10 In the Appendix we show that this calculation for the phase noise gives equivalent results.
We consider the case of a resistor environment Y ϭ1/R. The decay rate of the ͉1͘ state is ␥ 1 ϭ1/RC. The phase noise is calculated from Eq. ͑25͒ to be
where we have used the formulas for p (I) and ⌬U(I) to find
The first term in ͗ n 2 ͘ comes from thermal noise. Being proportional to time, it gives a phase decoherence rate ␥ th ϭ(kT/6⌬U)/RC for a Ramsey fringe experiment that is slower than the energy decay rate 1/RC. Table I , we find the decoherence rates from energy decay and thermal phase noise are ␥ 1 ϭ1/RC and ␥ th Ӎ1/360RC, respectively. Decoherence is clearly dominated by the energy decay rate ␥ 1 . For a junction capacitance of 6 pF, a coherence time of 10 s requires Rϭ1.7 M⍀ . This magnitude of impedance can be achieved using broadband inductive impedance transformers. 7 For these parameters, the phase noise from zero-point fluctuations gives a error probability p e Ӎ0.1/ p RCϳ10 Ϫ6 and thus is negligible.
When considering how noise causes decoherence, it is useful to categorize the noise for three frequency bands. At low frequencies less than 1/tϳ10 MHz, decoherence arises from phase noise produced by thermal and external noise. At intermediate frequencies 1/t to 10 /2, phase decoherence is much less sensitive to noise because W 0 ϰ1/f 2 . Decoherence from quantum fluctuations is typically negligible unless for some frequency range the damping is not small and ReY / p Cտ0.01. Finally, at the transition frequency 10 , decoherence arises from spontaneous decay, and stimulated emission and absorption.
V. DECOHERENCE FROM A RESONANT CIRCUIT
The procedures presented in the previous section can be used to calculate decoherence for an arbitrary admittance. Because the important characteristics of the admittance are often resonances, we calculate in this section the effect of such resonances on decoherence. These results help the designer to understand the requirements of Y () for good qubit operation. We consider the case of a single resonance mode with resonance frequency far from 10 where ͗I n 2 ͘ is the total noise in the resonant mode given by 1 2
The phase noise grows as ͗ n 2 ͘Ӎ(‫ץ‬ 10 /‫ץ‬I dc ) 2 ͗I n 2 ͘t 2 for times less than the oscillation period of the resonance t Ͻ1/ s . With the amplitude of the phase noise proportional to t, the fluctuations can be understood as a change in the resonance frequency ‫ץ(‬ 10 /‫ץ‬I dc )͗I n 2 ͘ 1/2 by the noise of the bias current.
For time tӷ1/ s , the phase noise does not grow larger because the change of the frequency is averaged over the oscillating noise. The magnitude of the phase noise may be estimated by ignoring the cos( s t) term, and using p Ӎ 10 can be rewritten as 
Although small, this measurement error may become significant if the resonant frequency is considerably below 10 or if there are many low-frequency resonant modes.
For a high frequency resonance s Ͼ 10 , the current flowing through the junction is only a fraction ( 10 / s ) 2 of the total noise current. When combined with Eq. ͑31͒ and assuming kTӶប 10 , we find p e Ӎ(ប 10 /24⌬U)(L j/ L s )( 10 / s ) 5 . Because this result falls to zero rapidly with increasing resonance frequency, we conclude that resonances higher than 10 produce negligible decoherence. This result justifies the use of 10 /2 as the cutoff frequency in Eq. ͑25͒. For the case s Ӎ 10 , the effect of the resonant mode must be solved with a full quantum mechanical calculation.
VI. DECOHERENCE FROM 1Õf NOISE AND SPIN-ECHO SEQUENCES
Because actual experimental circuits have 1/f noise that at low frequencies far exceed the thermodynamic noise considered in Sec. IV , understanding and predicting this decoherence is crucial in order to optimally design Josephson qubits. We first consider 1/f charge noise, which should produce small phase noise but potentially gives significant amounts of decoherence from stimulated emission and absorption. We next consider critical current and flux 1/f noise, which produces phase noise. We calculate that the phase noise for spinecho and Rabi sequences is much less than for the Ramsey sequence studied previously. Finally, we numerically estimate decoherence from 1/f noise using magnitudes of the noise obtained in the literature. Although 1/f noise is potentially the dominant source of decoherence, we argue that its effect can be made negligible by using spin-echo types of sequences.
Experiments on single-electron-tunneling devices have shown that tunnel junctions produce 1/f charge noise 20 with a spectral density S q ( f )ӍS q *(1 Hz)/ f . The magnitude of this noise typically is S q *(1 Hz)Ӎ(10 Ϫ3 e) 2 for a junction with area 0.01 m 2 . The spectral density of the noise scales as the area of the junction because the size of a junction is much larger than the characteristic distance of the charge fluctuations, typically an atomic dimension, causing the fluctuations to add incoherently.
The qubit considered here is sensitive to current noise, which is related to the charge noise by
With spectral density proportional to f, Eq. ͑26͒ is used to calculate phase noise. This integral should have a cutoff frequency ϳkT/h if the charge fluctuators are in thermal equilibrium. However, because experiments are consistent with 1/f charge noise that extends to frequencies as high as 10 /2, 21 we calculate the phase noise as
We find that this phase noise produces a negligible measurement error p e Ӎ5ϫ10 Ϫ6 for the experimental parameters previously listed.
Charge noise at frequency 10 also produces stimulated emission and absorption at a rate calculated from Eq. ͑16͒ to be ␥ s ϭ2
2 S q *(1 Hz)/Ch. We estimate ␥ s ϳ(0.7 s)
Ϫ1 using the measured noise spectral density at 1 Hz. Because this calculation assumes noise is present at frequencies f ӷ kT/h and extrapolates the 1/f noise power over 10 orders of magnitude in frequency, this rate is only a rough estimate and must be experimentally measured.
Phase noise also arises from critical-current and flux 1/f fluctuations. These noise sources produce an effective current noise S I 1/f ϭS I 0 ϩS ⌽ /L 2 for our circuit, where S I 0 and S ⌽ are the experimentally determined spectral density of the critical current and flux noise, respectively, and L is the inductance of the loop connected to the qubit junction. For a noise spectral density S I 1/f ( f )ϭS I *(1 Hz)/ f , the phase noise
where f m corresponds to the frequency of the entire measurement and gives a low-frequency cutoff. Apart from the slowly varying logarithm term, the phase noise is found to be proportional to t 2 and thus can not be understood as a rate. Instead, it is better understood as a change in oscillation frequency for every repetition of an experiment.
Decoherence from phase noise can be reduced 4 by operating the qubit so that drifts in the oscillation frequency are cancelled out. The method is analogous to spin echo in nuclear magnetic resonance, or lock-in techniques that are commonly used to reduce the effect of 1/f noise.
For spin echo, the sequence of control pulses are c ជ 0 ϭ(0,/2,0), wait for time t/2, c ជ 1 ϭ(0,,0), wait for time t/2, then c ជ 2 ϭ(0,/2,0). This is similar to the Ramsey fringe sequence except for an additional control pulse at time t/2 that interchanges the states ͉0͘ and ͉1͘, thus reversing the low-frequency drift. The phase noise for this sequence is
The mean squared amplitude of the phase noise may be found using Eq. ͑10c͒, but with a spectral weight for the spin echo sequence given by
Comparing this result with W 0 ( f ), we find that the additional term tan 2 ( f t/2) renders the phase noise insensitive to low frequency noise. We calculate for a generalization of the spin echo experiment using 2NϪ1 pulses
where t is the time between the two /2 Ramsey pulses. In Fig. 3 we plot the spectral weight function for the case of no spin echo as well as with spin echo for Nϭ1 and Nϭ10. This figure shows that the spectral weight functions for spin echo are no longer sensitive to noise at dc and very low frequencies, but are mainly sensitive to noise at the frequency f r ϭN/t. Rabi oscillations are also insensitive to low-frequency noise. They are observed with a pulse sequence consisting of a microwave pulse of frequency 10 and duration t with an amplitude such that c ជ ϭ(0,2N,0). The calculation proceeds similarly as for spin echo except that the noise moves the Bloch vector out of the x -ŷ plane, and n now represents the magnitude of the Bloch vector in the ŷ direction. The prediction for phase noise is similar to previous results but has a spectral weight function
This spectral weight function has a shape comparable to the spin-echo function, but has smaller harmonic weight. Decoherence for the Ramsey, spin-echo, and Rabi pulse sequences may be evaluated and compared for white and 1/f noise. For constant spectral density S I 0 , the Ramsey and spin echo sequences both give ͗ n 2 (t)͘ϭ(‫ץ‬ 10 /‫ץ‬I dc ) 2 S I 0 t/2. The Rabi sequence gives a result 1/2 as large because the lowfrequency noise affects the Bloch vector less during the time the vector points in the ẑ direction. For 1/f noise, because the spectral-weight function peaks at frequency f r ϭN/t, the phase noise is well approximated by
for the spin-echo sequence, and 1/2 this expression for the Rabi sequence. This expression is identical to the results for white noise but with the noise spectral density being evaluated at frequency f r . This result agrees well with that obtained from numerical integration, as shown in Table II . Note that the phase noise is slightly larger than the approximate result for the Rabi sequence because of the decreased harmonic content in the spectral weight function. Because the phase noise ͗ n 2 (t)͘ a increases linearly with time, the decoherence can now be described with a rate.
When the noise spectral density is 1/f , spin echo or Rabi sequences significantly reduce decoherence as compared to a Ramsey sequence. In contrast, there is no difference between the sequences when the noise is white because the noise is uncorrelated in time. Comparing Eq. ͑38͒ with Eq. ͑33c͒, we find the phase noise is lowered with spin echo by a factor 2N ln(0.401/f m t), which is a large factor ϳ26 even for N ϭ1.
We use Eq. ͑38͒ to estimate the coherence time of a quantum computer under the assumption that the operation of the computer will incorporate pulse sequences that interchanges the qubit states in order to reduce the effect of low-frequency noise. Additionally, since the spectral weight functions peaks at the frequency f r ϭN/t, the frequency dependence of the noise spectral density can be measured with the spin echo and Rabi pulse sequences. This experiment would verify if the dominant decoherence mechanism is 1/f noise and measure its magnitude.
In Table III we list our estimates for the phase decoherence rates from published values of the 1/f noise. Experiments have shown that the critical-current noise 22 26 -28 gives for Lϭ3 nH a spectral current density S I ( f )ϭ(5ϫ10
We predict for a Ramsey fringe experiment ͗ n 2 (t)͘ ϳ(t/50 s) 2 , whereas we find ␥ ϭ(620 ms) Ϫ1 for a spinecho sequence with frequency 10 7 Hz. These estimations indicate that 1/f noise should not be a significant limitation for coherence if logic operations use spin-echo type sequences.
We can also estimate how decoherence changes with junction area A. The junction parameters should be scaled as CϰA and I 0 ϰA 2/3 if we use the condition that ⌬U and p are held constant with changes in A. This implies that the critical-current density of the junction scales as 1/A 1/3
. As discussed previously, the decay rate due to dissipation of the environment is ␥ 1 ϭRe Y ( 10 )/C. Because the impedance transformation of Re Y is inversely proportional to the square of the critical current of the filter junction 7 and its criticalcurrent scales with the qubit area, we find ␥ 1 ϰ1/A 7/3 . The decoherence from charge noise is S q *(1 Hz)/C, which implies that there is no dependence on area. For critical current noise, the decoherence scales as S I 0 * (1 Hz)/CϰA 2/3 . Because flux noise is independent of junction parameters, its decoherence is proportional to 1/A. Since decoherence can either increase or decrease with area depending on the mechanism, its proper optimization depends on the exact numerical values of the circuit, its impedance transformer, and noise sources. The present junction parameters can be further optimized after we experimental measure and confirm how these noise mechanisms affect decoherence.
VII. DECOHERENCE FROM NON-GAUSSIAN NOISE
Decoherence calculations typically assume a Gaussian distribution of the noise. Because this assumption may not be obeyed for 1/f noise in Josephson junctions, we present in this section a qualitative analysis that may be useful for interpreting experiments. A non-Gaussian source can affect a Ramsey fringe experiment in a way that is qualitatively different than described earlier in Sec. III.
Noise sources are typically well described by Gaussian statistics because the noise is averaged over a large number of fluctuators. However, individual fluctuators can be observed in Josephson junctions, particularly submicrometer area devices. 25, 20 A single fluctuator can produce sudden and large changes in the noise signal at random times, and is often described as ''random telegraph noise.'' For simplicity, we consider the case of a single random-telegraph fluctuator superimposed on a noise background that is Gaussian and white.
If a Ramsey experiment is performed during the time when the telegraph noise is not active, then the state evolves in the normal way. An average over such events gives the usual decay of the state probability. But if the experiment overlaps with a telegraph fluctuation, then the fluctuation adds noise to the phase. For simplicity, if we assume large random telegraph fluctuations, the phase noise becomes large enough to randomize the individual state measurements. When both the Gaussian and telegraph events are averaged together, we expect a measurement of the Ramsey fringes to give the usual state decay but with reduced amplitude.
This reduction in magnitude is an interesting prediction because it can mimic loss of fidelity from the state measurement. These two mechanisms probably can be distinguished only with careful experiments.
VIII. SUMMARY AND CONCLUSIONS
We have calculated the effective two-state Hamiltonian for the current-biased Josephson junction, and have shown that a qubit state can be fully manipulated with the control currents. Noise in the control currents produces decoherence in the qubit, with noise at microwave frequencies affecting the relative population between the ground and excited state, and noise at low frequency affecting the phase of the state. The finite impedance of the current bias produces decoherence in a manner that can be calculated semiclassically by appropriately adding thermal and zero-point noise.
There are several advantages to calculating decoherence with noise. Noise calculations give a physical understanding to the origins of decoherence, and may be easily extended to include arbitrary admittance, noise spectral density, manipulation sequences, and noise statistics. Because decoherence depends on a measurement sequence, a precise representation of decoherence must describe fluctuations in the rotations , x , and y .
Decoherence from spin echo and Rabi sequences is much less sensitive to low frequency noise than Ramsey sequences. We have derived an approximate decoherence rate that shows for spin-echo sequences the appropriate noise spectral density is evaluated at the manipulation frequency. We estimated decoherence rates for the current-biased Josephson junction systems using experimental values of charge, critical current, and flux 1/f noise. These rates indicate that this system is a good candidate for a solid-state quantum computer.
An increase in coherence motivates the use of spin-echo type sequences for logic operations in a quantum computer. These sequences may also be used to directly measure the noise spectral density in these qubits.
Noise theory calculates decoherence in a clear and physical manner, and is especially useful in superconducting systems because there is much experience understanding and predicting the noise performance of devices with noise models. We hope that this approach will be used to better understand and predict decoherence in other superconducting qubits, as well as for other solid-state qubit systems.
